Inclusions are common in bearing materials and are a primary site for sub-surface fatigue crack initiation in rolling element bearings. This paper presents a new approach for computing the pressure, film thickness, and subsurface stresses in an EHL contact when inclusions are present in the elastic halfspace. The approach is based on using the Discrete Element Method (DEM) to determine the surface elastic deformation in the EHL film thickness equation. The model is validated through comparison with the smooth EHL line contact results generated using linear elasticity. Studies are then carried out to investigate the effects of size, location, orientation, and elastic properties of inclusions on the EHL pressure and film thickness profiles. Both, inclusions that are stiffer than and/or softer than the base material are seen to have effects on the pressure distribution within the lubricant film and to give rise to stress concentrations. For inclusions that are stiffer than the base material (hard inclusions), the pressure distribution within the lubricant film behaves as though there is a bump on the surface whereas for inclusions that are less stiff than the base material (soft inclusions), the pressure distribution behaves in a manner similar to that of a dented surface. Inclusions close to the surface cause significant changes in the contact stresses that are very significant considering the stress life relationship. For inclusions that are located deep within the surface, there is little change in the EHL pressure and film thickness.
Introduction
Spalling occurs in rolling element bearing contacts when fatigue cracks initiating below the surface propagate to the surface causing material flaking. This phenomenon is significantly influenced by material inhomogeneities, particularly nonmetallic inclusions that are contained in the contacting bodies [1, 2] . Inclusions can affect fatigue damage initiation and propagation in several ways. The bonding between the inclusion and the material matrix is not always perfect, resulting in intrinsic cracks [2] . The differing material properties of inclusion and matrix results in stress concentrations which can be sites for fatigue nucleation [3] . The inferior material properties of the inclusion can cause cracks to initiate within the inclusion that then propagate to the surrounding material matrix. Differing thermal properties of the matrix and inclusion can also lead to initial stresses around the inclusion matrix interface. In addition, nonmetallic inclusions cause stress induced microstructural alterations in the surrounding matrix under cyclic loading [4, 5] . These structural changes assist in the fatigue process. To understand the mechanisms of sub-surface crack nucleation and propagation in bearing contacts, a detailed description of the stress field around these inclusions is necessary.
Several investigations have been carried out to study the effects of inclusions on rolling contact fatigue [6] [7] [8] [9] [10] . However, only a few analytical studies have focused on evaluating the elastic stress field around inclusions under contact loading. Bohmer [3] investigated the effect of nonmetallic inclusions on material behavior in rolling contacts using the Finite Element Method (FEM). Courbon, et al. [11] evaluated stress fields around groups of inclusions under contact loading using the analytical approach developed by Moschovidis [12] . These studies have been based on continuum models. Recently, Raje et al. [13] used the Discrete Element Method (DEM) to evaluate the stress distribution around rectangular inclusions in bearing contacts. The DEM is a discontinuum based dynamic solution method that enables the modeling of material features at the grain boundary level. In bearing contacts, where the length scale of analysis is of the order of microns, grain boundaries act as physical discontinuities in the system. For this reason a greater understanding of the microscopic mechanisms of fatigue failure initiation and propagation will be attainable by the use of such a method.
The DEM analysis outlined in [13] was based upon using the dry contact Hertzian pressure distribution to evaluate the elastic stress field around inclusions. This assumption has two limitations.
Firstly, such an analysis ignores the effects of the lubricant film that is present in bearing contacts. In order to properly evaluate the effects of inclusions on the fatigue behavior of bearings it is necessary to consider in the analysis not only the contacting bodies but also the lubricant film that separates them.
Only by considering the lubricant film can the actual pressure distribution acting between the contacting bodies be obtained correctly. Secondly, the Hertzian pressure distribution is obtained under the assumption of homogenous contacting bodies. When inclusions are present in either of the contacting bodies, the equilibrium pressure distribution developed between the two bodies will no longer be Hertzian. The scope of this paper is to present a method that captures the effects of sub-surface material inclusions on the pressure, film thickness, and stress distributions in an EHL line contact.
Analytical Approach
The EHL line contact model requires the simultaneous solution of the Reynolds, film thickness, and load balance equations to obtain the pressure and film thickness profiles. In this study, the onedimensional, time-independent Reynolds equation is considered. The geometries of the contacting bodies are reduced to an equivalent geometry represented by a cylinder in contact with a semi-infinite elastic half-space. The DEM is used iteratively in combination with the EHL governing equations to calculate the equilibrium pressure and film thickness profiles using the Newton-Raphson technique [14] . Figure 1 shows the algorithm used for the complete EHL analysis.
EHL Governing Equations
The non-dimensional time-independent isothermal line contact Reynolds equation for a compressible Newtonian lubricant is ( )
The boundary conditions imposed on the Reynolds equation are:
The load balance equation in non-dimensional form is given by:
The Dowson-Higginson density pressure relationship is used in this analysis and is given by:
( ) 
The non-dimensional film thickness equation is given by
The film thickness equation consists of three parts. The first term accounts for the separation of the bodies. The second term represents the equivalent roller geometry. The third term is the elastic surface deflection resulting from the pressure developed between the two contacting bodies. The surface deflection is usually evaluated using influence coefficients developed from the theory of elasticity.
However, since the present analysis considers a non-homogeneous material domain, this is not possible and the surface deflection is evaluated using the DEM as outlined in the next section.
Evaluation of Surface Deformation Using the DEM
The DEM is a computational method in which a material domain is considered as an assemblage of discrete, rigid interacting elements that are connected through compliant joints, as shown in Figure 2 .
The equations of motion for each individual element are solved independently in order to obtain the equilibrium displacement field. Forces and moments are generated between the elements as they interact through contacts. Stresses are computed from these inter-element forces. In this study, a two dimensional polygonal discrete element model is used. The model is a soft contact discrete element model based on the Discrete Interacting Block System (DIBS) code [15] . In soft contact discrete element models, the interacting elements are allowed to overlap slightly as the dynamics of the simulation evolve.
This overlap is interpreted as a local deformation and is used to calculate the forces and moments generated between the interacting elements. The elements are connected by fibers that are distributed continuously along the edges of the blocks in contact. The properties of the connecting fibers are functions of the overall elastic properties of the material, namely, the elastic modulus E and the Poisson's ratioν . The details of the contact modeling and the method by which stresses are computed can be found in [16] .
Various element shapes are available for a two dimensional discrete element analysis [17] [18] [19] [20] [21] [22] [23] .
The present analysis is carried out using uniform square and random Voronoi elements [24] . The square element shape not only offers simplicity in computing orthogonal stresses but also identifies with the standard two-dimensional stress element used in continuum analysis. However, Voronoi elements which have random orientations are more representative of the actual microstructure of the material. Inclusions are modeled as material sub-domains with elastic properties that are different from that of the surrounding matrix. It is assumed that perfect bonding exists between the inclusion and matrix. The inclusions are modeled in the discrete element model by assigning appropriate stiffness values, determined based on the elastic properties of the inclusion material, to the inter-element fibers that are associated with the spatial location of the inclusion. Only elastic behavior is considered.
The DEM is a dynamic simulation technique. For the EHL line contact problem only the steadystate response of the material is of interest. Viscous damping is introduced into the model both locally based on the relative velocities at the element joints and globally based on the absolute velocities of the elements. The details of the local damping can be found in [13] . The dynamic behavior of the material is not of interest in this study, so no effort is made to accurately simulate this behavior. Damping is introduced solely to obtain the equilibrium response of the half-space. The damping values are arbitrarily chosen in such a way that causes the system to reach equilibrium in the shortest amount of time.
Results and Discussion Figure 3 shows the elastic half-space created using square elements for analysis of the contact problem. The elements are aligned along the global x-y coordinate frame with the z axis normal to the plane of paper. For practical purposes, the domain used in this study extends to a depth of 7b and 5b on either sides of the center of contact, where 2b is the Hertzian contact width. These values are chosen based on the fact that the stresses beyond these distances are practically unaffected by the contact loading.
The thickness of the domain is unity. The length of the sides of the square elements is 3.4765 m µ . A total of 161 elements are used in the EHL contact region which spans from -3b to 1.5b. The entire simulation domain consists of 87,500 elements.
Dry Contact Analysis for Homogeneous Materials
For verification of the surface deformation, a Hertzian pressure profile corresponding to a maximum pressure H p is applied to the elements on the top surface of the domain. In order to avoid large dynamic effects, the load is applied gradually with time using the following exponential function:
Here, α is a constant which defines the rate of loading. Since the elements are of unit thickness, the corresponding forces acting on the center of gravity of the boundary elements are found by multiplying the applied pressure by the length of the side of the element on which the pressure is applied. The simulation is allowed to continue until steady-state conditions are reached. For the domain considered in this study this process can take a few hours. Figure 4 illustrates a comparison between the resulting surface deflection profile from the DEM and the deflection profile obtained using influence coefficients developed from elasticity. In the figure, the maximum deformation from the DEM model is aligned with that of the elasticity solution. This is necessary because in the elasticity solution for line contact the deformation has as arbitrary reference datum. The reference datum does not affect the local relative deformation magnitude. It is seen that the DEM prediction for the surface normal displacement is nearly the same as the elasticity solution.
EHL Analysis for Homogeneous Materials
Next, the effect of a lubricant film on the sub-surface stress fields in an inclusion free domain is considered. Note that the equilibrium pressure profile between the two contacting bodies will no longer be Hertzian, due to the presence of the fluid film. The correct pressure profile is calculated by initially applying a Hertzian pressure profile and iterating using the Newton-Raphson technique [14] Analysis is also carried out using randomly generated Voronoi elements, for the inclusion free medium, in order to illustrate the validity of the DEM solution with a non-uniform mesh. Figure 6 illustrates the elastic half-space created using Voronoi elements. Note that since the elements are of nonuniform size, it is not possible to maintain the constant element side length of 3.4765 m µ that was used with the square mesh. Instead, the mesh is generated so that the average element side length is equal to the square side length. However, special care is taken for the elements located on the surface, so that the correct pressure distribution can be applied. For this purpose, the length of the side of the elements that is exposed to the surface is made a constant 3.4765 m µ for all surface elements. Figure 7 shows the pressure, film thickness, and sub-surface stress profiles obtained using the Voronoi mesh. The results are consistent with those obtained using square elements (see Figure 5 ). Please note that the pressure exhibits small fluctuations in magnitude near the Hertzian center of the contact, however, this as expected and it is due to the random nature of the Voronoi mesh used.
EHL Analysis for Non-homogeneous Materials
Next, the combined effects of sub-surface inclusions and lubricant film on the contact stress field are considered. Figure 8 shows the geometry of inclusions considered in this study. The inclusions are rectangular with dimensions L x and L y along the x and y axes, respectively. The center of the inclusion is located at (x i , y i ) with respect to the coordinate system defined in Figure 3 convenience, the analysis is performed using square elements. However, for illustration, a sample result using Voronoi elements is included at the end.
The pressure, film thickness, and sub-surface stress profiles in the presence of a soft inclusion located close to the surface (x i = 0, y i = 0.07b), in two different orientations are shown in Figures 9 and   10 , respectively. The corresponding parameters used for this study are listed in Table 1 . From the film thickness profiles, it is seen that the effect of the soft inclusion is similar to that of a shallow dent present on the surface. This changes the pressure distribution considerably from that for an inclusion free medium. The deviation in the pressure profile is more drastic in the presence of the horizontal inclusion (see Figure 9 ) as compared to the vertical inclusion (see Figure 10 ). Both inclusion orientations produce a positive increase in the pressure spike, with the jump being marginally higher in the presence of the horizontal inclusion (3.92 %) as compared to the vertical inclusion (2.45 %). The effect of inclusions that are located deep within the elastic half-space on the EHL pressure and film thickness profiles is now considered. The inclusion is moved to a depth of five times the present depth along the y-axis (x i = 0, y i = 0.35b). Figures 13 and 14 depict the pressure, film thickness and subsurface stress profiles for a soft inclusion located at this depth for horizontal and vertical orientations, respectively. The material and geometrical parameters are the same as listed in Table 1 . It is seen that the effect of the soft inclusion on the film thickness profiles is negligible, even though the effect is again similar to that of a near surface soft inclusion. The change in the pressure profiles is small compared to the case of the same inclusion located closer to the surface (see Figures 11 and 12 ). The pressure spike practically remains unaffected for both horizontal (2.45 % jump) and vertical (0.29 % jump) inclusion orientations. Figures 15 and 16 depict the pressure, film thickness, and sub-surface stress profiles for a hard inclusion located deep under the surface (x i = 0, y i = 0.35b) for horizontal and vertical orientations, respectively. The effect of the hard inclusion on the film thickness profiles is again negligible, nonetheless being similar to that of a near surface hard inclusion. The deviation in the pressure profile from the inclusion free case is almost identical for both inclusion orientations, with the deviation being positive. The jump in the pressure spike is negative but negligible (-1.86 % for vertical orientation, -1.67 % for horizontal orientation).
Recall that the inclusions considered above were all idealized into rectangular geometries. In practice, inclusions found in bearing steels have a more random geometry. For this reason, a nonrectangular inclusion was analyzed using the Voronoi mesh. Figure 17 shows the geometry of the inclusion considered here. Note that the overall size, location, and elastic properties of the inclusion are maintained close to the earlier case of a soft horizontal inclusion located near to the surface (see Table 1 ).
However, the boundaries of the inclusion are no longer straight but have a more random character. Figure   18 shows the corresponding pressure, film thickness, and pressure profiles obtained using this inclusion geometry. The results are nearly the same as those shown in Figure 9 .
Comparison of EHL and Dry Contact Analyses for Non-homogeneous Materials
Figures 19 through 26 show the comparison between the sub-surface von Mises stress fields, in the presence and absence of a lubricating film, for the eight cases considered above. Note, that in the absence of a lubricating film, the pressure profile is assumed to be pure Hertzian. In the case of a soft inclusion located close to the surface (see Figures 19 and 20) , the maximum von Mises stress is lower in the presence of the lubricant film. This is in accordance with the pressure profiles (see Figures 9 and 10 ), that show a significant drop in the pressure near the center of the contact region. Since the pressure is non-dimensionalized with respect to the maximum Hertzian pressure, any drop below unity makes it lower than the corresponding Hertzian pressure. The opposite trend is observed in the case of a hard inclusion located near the surface (see Figures 21 and 22) , where the maximum von Mises stress is higher in the presence of the lubricating film. This result can again be explained by the corresponding EHL pressure profiles (see Figures 11 and 12) , where there is a sharp rise in pressure near the center of contact.
For a soft inclusion located deep below the surface, the higher maximum von Mises stress is obtained in the absence of lubricating film (see Figures 23 and 24 ). This is reasonable as shown by the pressure profiles in Figures 13 and 14 that demonstrate a drop in the pressure near the center of contact. Finally, for a hard inclusion located deep under the surface, there is a negligible difference between the maximum von Mises stress's computed with and without a lubricating film.
Conclusions
This paper presents a method that captures the effects of sub-surface material inclusions on the pressure, film thickness, and stress distributions in an EHL line contact. The method incorporates a new approach to compute the stress and displacement fields in a non-homogeneous elastic half-space. The approach is based on the Discrete Element Method (DEM), where the material continuum is replaced by a set of discrete, interacting elements that interact through compliant contacts. The DEM analysis is carried out using both, structured (square elements) and unstructured (Voronoi elements) meshes. The effects of inclusions that are located near the center of the contact region are considered. The inclusions are modeled as rectangular sub-domains within the main material matrix of discrete elements.
The EHL pressure and film thickness profiles are found to be significantly different in presence of the sub-surface inclusions. For inclusions that are softer than the surrounding material matrix, the effect on the film thickness is similar to that of a surface dent. This leads to a drop in the pressure profile near the center of the contact region. However, softer inclusions produce a positive jump in the pressure spike at the outlet. Inclusions that are harder than the material matrix produce an effect similar to that of a surface bump. This gives rise to an increase in pressure near the center of contact but produce a negative jump in the outlet pressure spike. The effect of inclusions on the pressure and film thickness is significantly attenuated as they are moved deeper below the surface. For softer inclusions, the maximum sub-surface von Mises stress is higher in the absence of a lubricant film, i.e., for a pure Hertzian contact.
However, for harder inclusions, the opposite trend is observed where the maximum von Mises stress is higher in the presence of the lubricating film. 
